General block diagram models are proposed for PWM DC-DC converters in continuous and discontinuous conduction modes with fixed switching frequency. Both current mode control and voltage mode control are addressed in these models. Based on these models, detailed nonlinear and linearized sampled-data dynamics are derived. Asymptotic orbital stability is analyzed. Audio-susceptibility and output impedance are derived. In this approach, discontinuous conduction mode and current mode control can be analyzed systematically without special effort. Another paper [l] addresses the same issues for the power stage of a PWM DC-DC converter.
INTRODUCTION
A DC-DC converter consists of a power stage (plant) and a controller (compensated error amplifier). The objective of DC-DC conversion is to convert a source voltage to a nearconstant output voltage under disturbances at the source voltage and load.
In this paper, PWM DC-DC converters are studied.
The typical design approach of these converters is as follows. The power stage is modeled and analyzed by averaging methods [2, 3, 41 . Based on the averaged model, a controller is designed. Then simulation programs are used to test the closed-loop performance. There are some shortcomings in the approach just mentioned. The averaged models are approximate. The periodic solution of a PWM converters is averaged to an equilibrium. Although the periodic solution at high switching operations has small amplitude (ripple), and averaging seems justified, the inherent dynamics for a periodic solution and an equilibrium are completely different. This issue is generally neglected in most power electronics literature. It has been found that the averaged models do not accurately predict subharmonic instability [5] , chaotic phenomena [6, 7, 8, 91, and steady-state DC offset [lo] . Moreover, it has been found that the directly obtained averaged models are inaccurate for converters operated in discontinuousconduction mode (DCM) or under current mode control. This has necessitated efforts to obtain more accurate averaged models for such cases [ll, 12, 13, 14, 15, 16, 17, 41 . Since the averaged model is for the power stage only and is not exact, sometimes the closed-loop performance (steadystate solution, stability, line and load regulation) is not achieved as expected. Lots of simulations are therefore 0-7803-547 1 -0/99/$10.0001999 IEEE needed to check the closed-loop performance. Because of the nonlinear nature of PWM converters, a finite number of simulations does not necessarily reveal all possible behaviors of PWM converters.
The controlled switch plays a central role in the converter dynamics. It is therefore important to model the switch operation accurately. Since the switching action is essentially discrete, it is natural to consider the use of sampled-data modeling (18, 19, 201 . In [MI, the ramp function which determines switching action is approximated by a constant threshold. In [19] , a general approach is proposed without giving detailed modeling of PWM converters. Extensive numerical calculations are generally believed to be needed for sampled-data modeling. This has led many researchers to make approximations in their sampled-data models, such as using a straight line approximation for the system trajectory within a sampling period. Although such approximations can be useful if the switching frequency is sufficiently high, the resulting models can be inaccurate both qualitatively and quantitatively [21] .
This paper extends previous work on sampled-data modeling for PWM converters with fixed switching frequency. General block diagram models for PWM DC-DC converters in continuous and discontinuous conduction modes are proposed. The ramp function, which is crucial in the dynamics, is carefully modeled. The models apply to current mode control and voltage mode control, as well as other possible control schemes. Based on the block diagram models, detailed nonlinear and linearized sampled-data sampled dynamics are derived. In this approach, discontinuous conduction mode and current mode control can be handled systematically, making the modeling for these cases simpler than with the use of averaging. Another important feature of this work is that the results are exact if the source and reference voltage signals are constant. Another paper [l] addresses the same issues for the power stage of a PWM DC-DC converter.
The performance of DC-DC converter is evaluated by steady-state analysis and dynamic analysis. In steady-state analysis, the existence and location of periodic solutions are of concern. In dynamic analysis, stability and transient dynamics can be studied using the closed-loop eigenvalues; line regulation and load regulation can be studied using audio-susceptibility and output impedance. Both steadystate and dynamic analysis are done in the paper.
There exist many possible operating modes for the PWM converter because of its inherent nonlinear nature. Only two particular modes are of interest in practice: continu- ous conduction mode and discontinuous conduction mode. These two modes have 2 and 3 stages respectively in one cycle, and the dynamics is linear within each stage. In Section 2, a general block diagram model for continuous conduction mode is proposed. By sampling the state, input and output at the same rate as the switching frequency, a nonlinear sampled-data model can be derived. The original periodic solution is a fixed point of the sampled-data model. Existence of fixed points is studied. Next, the linearized sampled-data dynamics near a fixed point is derived. Local orbital stability is then studied; audio-susceptibility and output impedance are derived. In Section 3, Similar steps are applied to discontinuous conduction mode. In Section 4, an illustrative example is given. Conclusions are given in Section 5.
The organization of the paper is as follows.
CONTIIWJOUS CONDUCTION MODE

Block Diagram Model
In this subsection, a block diagram model for the PWM converter in CCM is proposed. This model is shown to apply to current mode control and voltage mode control.
The proposed block diagram model for the PWM converter in CCM is shown in Fig. 1 
and D E R a r e constant matrices, z E R N , y E R are the state (of power stage and controller) and the feedback signal, respectively. The source voltage is v,; the output voltage is vo. The notation w, denotes the reference signal, which could be a voltage or curren.t reference. The reference signal v,. is allowed to be time-varying, although it is constant in most applications. The signal h(t) is a T-periodic ramp. The clock has the same frequency fs = 1/T as the ramp. This frequency is called the switching frequency. The two stages in each clock period in CCM are denoted by SI and S2. The system is in SI immediatedly following a clock pulse, and switches to S2 at instants y(t) = h ( t ) .
Assume the iswitch and the diode in the PWM converter are ideal, so that there is no voltage drop when they are on. Most PWM converters can be modeled by Fig. 1 . The PWM converter under current mode control fits this model exactly, with h ( t ) denoting the slope-compensating ramp. For operation in voltage mode control, the system Fig. 2 and Fig. 3 , respectively. In Fig. 2 , the ramp has positive slope, instead of negative slope as commonly seen in most literature, in order to be consist with the case of voltage mode control. Many other control schemes (e.g., average current mode control) also fit the model in Fig. 1. 
Nonlinear Sampled-Data Model
The switching action is essentially discrete. To arrive at a sampled-data model, the operation of the PWM converter within the (n+l)-st cycle, t E [nT, (n+ l)T), is considered. Generally in the PWM converter, the switching frequency is sufficiently high that the variations in vs and U,. in a cycle can be neglected. Thus, take U = (vs,vr) to be constant within the cycle, and denote its value by un = (vSn,vrn). (The notation vsn, instead of vs,n, is used for brevity. This applies to other variables.) Let xn = z(nT) and von = vo(nT). The sampled-data dynamics which maps zn to zn+l is derived next.
Denote by nT+d, the switching instant within the cycle when y ( t ) and h(t) intersect. Then y(nT+d,) = h(nT+dn),
The two matrices E1 and E2 need not be the same. Define the following for later use:
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Using the dynamics (1) and (2) and the assumption that U = (vs , v,) is constant within the cycle, one readily obtains the sampled-data dynamics (4)-(6) of the PWM converter in CCM. The dynamical equation (4) below is augmented with the constraint (5), corresponding to the intersection
S teady-S tate Analysis
In the PWM converter, the steady-state operating condition is a periodic solution, not an equilibrium point as depicted in the averaging method. A T-periodic solution for system in Fig 
4?(X0(O), d )
{ zo(t mod T )
A typical periodic solution z o ( t ) is shown Fig. 4 . From 
Recall that U , = (vsn,vTn)', and denote , = [, I , , 21.
Eq. (10) can be rewritten as
Stability Analysis
The relevant stability notion is asymptotic orbital stability, not asymptotic stability of an an equilibrium point as depicted in the averaging method.. In the power electronics literature, the PWM converter is generally said to be either stable or unstable, without mentioning orbital stability per se. The definition of asymptotic orbital stability is given as follows. 
Proof: Suppose the periodic solution xo((t) is asymptotically orbitally stable. 'Then all the eigenvalues of 9 have magnitude less than or equal than 1. Since det [9] is the product of the eigenvalues of 9, it follows that
The claim follows.
I3
Remark: Generally the switching period is so small that the right side of (14) can be approximated as 1, resulting in a condition that resembles a well-known stability criterion in current mode control [4, for example]:
where ml is the (positive) slope of the inductor current trajectory during the on stage and m2 is the (negative) slope during the off stage using a linear approximation and m, is the slalpe of the compensating ramp. Theorem 2 differs from (15) in its use of instantaneous, rather than approximate, slope. Also, Cxo(t) in Theorem 2 is composed of more state signals than just inductor current.
Audio-Susceptibility and Output Impedance
Audio-Susceptibility and output impedance are expressed in terms of transfer functions (frequency responses). They give information on the effect of (source or load) disturbances at various frequencies on the output voltage.
The audio-susceptibility is derived directly from the linearized sampled-data model, Eq. (13). It is Given a transfer function in t domain, say T ( z ) , its effective frequency response [24, p. 931 
is T ( e j W T ) ,
which is valid in the frequency range IwI < $.
Similarly, out,put impedance can be derived. For details, see [22] . The remaining notation is the same as in Fig. 1 
Nonlinear Sampled-Data Model
Consider the operation of the PWM converter within the (n+l)-st cycle. As in CCM, take U = (v,, v,) to be constant within the cycle and denote its value by U, = ( v s n , v T n ) .
Denote by nT+dl, the switching instant when y(t) and h ( t ) intersect within the cycle. (The notation d i n , instead of d l , n , is used for brevity.) Denote by nT + dz, the switching instant when the inductor current reaches zero. The three stages SI, Sz, S3 within the cycle are thus &, , TI (19) x = A~x + B~u
The two switching conditions (at t = nT+dl, and nT+dzn) are
As in CCM, the output voltage in DCM can be discontinuous at the clock time. Again, E is used to denote El, 
Here A1 Since the inductor current ZL starts at 0 and ends at 0 in any cycle, it is not a dynamic variable. So the dynamics is ( N -1)-dimensional instead of N-dimensional. This also implies that @ possesses a zero eigenvalue and det[@] = 0.
The stability, audio-susceptibility and output impedance analysis are similar to the case in CCM and are omitted. Although the control scheme is neither voltage nor current mode control, the circuit can still be expressed in terms of the block diagram model in Fig. 1 , with state x = ( i~, vc):
From Eq. (9), the calculated periodic solution is shown in Fig. 7 . The eigenvalues of @ calculated from Eq. (11) are 0.8 f 0.45i, which are inside the unit circle. So the periodic 'solution is locally orbitally stable. The magnitude of the eigenvalues is 0.9225, indicating that the settling time to the steady state may be long. However, the circuit is not globally stable and is described in [lo] as being unstable based on simulation. 
. CONCLUDING R E M A R K S
General block diagram models have been proposed for PWM DC-DC converters in continuous and discontinuous conduction modes with fixed switching frequency. Both current mode control and voltage mode control are addressed by these models. Based on the models, detailed nonlinear and linearized sampled-data dynamics have been derived. Asymptotic orbital stability has been analyzed, and audiosusceptibility and output impedance have been derived.
Compared with the averaging approach, the sampleddata approach has the following characteristics and advantages. An assumption in the sampled-data approach is that the source voltage and reference signal can be viewed as constant within each cycle. This assumption is reasonable because the switching frequency is generally very high. Once the circuit operations are understood, the derivation of the sampled-data dynamics in various modes and control schemes are straight forward and elegant. For example, discontinuous conduction mode and current mode control can be analyzed by this unified approach. Since fewer assumptions are made than in the averaging approach, the sampled-data approach is more accurate. The only numerical extensive procedure in the sampled-data approach is to find the fixed-point. The remaining analysis is eased by the analytical form of the dynamic models. The sampled-data approach should be applied to double check closed-loop performance whenever a PWM DC-DC converter is designed. Some extensions of this paper and another paper [l] have been done in the f i s t author's dissertation [25] . These extensions include modeling and analysis of load-resonant converters, and control designs of both PWM and loadresonant converters.
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